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Abstract: We present a systematic study of higher-twist distribution amplitudes (DAs)
of the B-meson which give rise to power-suppressed 1/mB contributions to B-decays in final
states with energetic light particles in the framework of QCD factorization. As the main
result, we find that the renormalization group equations for the three-particle distributions
are completely integrable in the large Nc limit and can be solved exactly. General properties
of the solutions are studied. We propose simple models for higher-twist DAs which satify
all existing constraints and can be used in phenomenological studies.
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1 Introduction
B-meson light-cone distribution amplitudes (DAs) are the main nonperturbative input to
the QCD description of weak decays involving light hadrons in the framework of QCD
factorization [1–3]. The simplest light antiquark-heavy quark DA gives the dominant con-
tribution in the expansion in powers of the heavy quark mass and received much attention
already [4–10]. It has become increasingly clear, however, that the leading power accuracy
is not sufficient and the power of the QCD factorization approach depends crucially on
the possibility to control, or at least estimate, the corrections suppressed by powers of
the b-quark mass. This task is very challenging due to infrared divergences which appear
in power-suppressed contributions in the purely perturbative framework. In recent years
there had been some progress in this direction based on the combination of light-cone sum
rule approach with the expansion in terms of B-meson DAs [11–16]. In this technique the
so-called soft or end-point nonfactorizable contributions to B-decays can be calculated in
terms of the DAs of increasing twist. One of the problems on this way is that higher-twist
B-meson DAs involve contributions of multiparton states and are practically unknown.
In the recent paper [17] it was pointed out that the structure of subleading twist-three
B-meson DAs is simpler than expected. In particular the twist-three DA φ−(ω) evolves
autonomously with the scale and does not mix with “genuine” three-particle contributions.
In this work we extend this analysis to twist-four DAs. Our main result is that the cor-
responding renormalization group equations (RGE) are completely integrable and can be
solved exactly. Combined with the relations that follow from QCD equations of motion,
this structure provides one with a set of robust constraints on the DAs and allows one to
build phenomenologically acceptable models with a minimum number of free parameters.
The presentation is organized as follows. In Sect. 2 we present the general classification
of the existing two- and three-particle B-meson DAs and discuss the corresponding twist
and conformal spin assignment. We also use this Section to introduce our notation. Sect. 3
contains our main results. We discuss here the scale dependence of the three-particle
twist-four DAs, find explicit analytic solution and work out the representation of the DAs
in terms of the eigenfunctions of the evolution kernels. The derivation uses the formalism
of the Quantum Inverse Scattering Method (QISM) [18–20] and is sketched in Appendix A;
details will be published elsewhere. The two-particle higher-twist DAs that appear in the
light-cone expansion of the heavy-light correlation functions are discussed in Sect. 4, based
on the earlier work by Kawamura et al. (KKQT) [21]. The relations between different
DAs due to QCD equations of motion (EOM) are discussed in detail. Two new relations
between the three-particle DAs are derived in App. C using a different technique based on
the two-component spinor formalism. Several simple models for the higher-twist DAs that
satisfy EOM constraints are introduced and discussed shortly in Sect. 5. The final Sect. 6
contains a summary of our results and a short discussion of the remaining problems.
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2 General classification
Following [4] we define the B-meson DAs as matrix elements of the renormalized nonlocal
operators built of an effective heavy quark field hv(0) and a light (anti)quark at a light-like
separation:
〈0|q¯(nz)Γ[nz, 0]hv(0)|B¯(v)〉 = − i
2
FB(µ)Tr
{
γ5ΓP+
[
Φ+(z, µ)− 1
2
/n
(
Φ+(z, µ)−Φ−(z, µ)
)]}
,
(2.1)
where
[zn, 0] ≡ Pexp
[
ig
∫ 1
0
dunµA
µ(uzn)
]
(2.2)
is the Wilson line factor that ensures gauge invariance. Such factors are always implied
but will often be omitted for brevity.
Here and below vµ is the heavy quark velocity, nµ is the light-like vector, n
2 = 0, such
that n · v = 1, P+ = 12(1+ 6 v), Γ stands for an arbitrary Dirac structure, |B¯(v)〉 is the
B¯-meson state in the heavy quark effective theory (HQET) and FB(µ) is the HQET decay
constant which is related to the physical B-meson decay constant, to one-loop accuracy, as
fB
√
mB = FB(µ)
[
1 +
CFαs
4π
(
3 ln
mb
µ
− 2
)
+ . . .
]
. (2.3)
The parameter z specifies the light (anti)quark position on the light cone. To fix the
normalization, we assume
nµ = (1, 0, 0, 1) , n¯µ = (1, 0, 0 − 1) , vµ = 1
2
(nµ + n¯µ) , (n · n¯) = 2 . (2.4)
The functions Φ+(z, µ) and Φ−(z, µ) are the leading- and subleading-twist two-particle
B-meson DAs [3]. They are analytic functions of z in the lower half-plane, Im(z) < 0, and
are related by Fourier transform to the momentum space DAs
Φ±(z, µ) =
∞∫
0
dω e−iωzφ±(ω, µ) . (2.5)
The inverse transformation reads
φ±(ω, µ) =
1
2π
∞∫
−∞
dz eiωzΦ±(z − iǫ, µ) . (2.6)
Note that we use upper case letters for the coordinate-space and low case for the momentum-
space distributions.
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The three-particle quark-gluon DAs are more numerous. There exist eight independent
Lorentz structures [22] and therefore eight invariant functions that can be defined as
〈0|q¯(nz1)gGµν(nz2)Γhv(0)|B¯(v)〉 =
=
1
2
FB(µ)Tr
{
γ5ΓP+
[
(vµγν − vνγµ)
[
ΨA −ΨV
]− iσµνΨV − (nµvν − nνvµ)XA
+ (nµγν − nνγµ)
[
W + YA
]− iǫµναβnαvβγ5X˜A + iǫµναβnαγβγ5Y˜A
− (nµvν − nνvµ)/nW + (nµγν − nνγµ)/nZ
]}
(z1, z2;µ) . (2.7)
Our notation follows, where possible, the original definition in Ref. [21]. We use the
standard Bjorken-Drell convention [23] for the metric and the Dirac matrices; in particular
γ5 = iγ
0γ1γ2γ3, and the Levi-Civita tensor ǫαβµν defined as a totally antisymmetric tensor
with ǫ0123 = 1. The covariant derivative is defined as Dµ = ∂µ − igAµ and the dual gluon
strength tensor as G˜µν =
1
2ǫµναβG
αβ . The momentum space distributions are defined as
ΨA(z1, z2) =
∫ ∞
0
dω1
∫ ∞
0
dω2 e
−iω1z1−iω2z2 ψA(ω1, ω2) (2.8)
and similarly for the other functions.
In practical calculations the gluon field strength tensor is often contracted with the
light-like vector. The definition in (2.7) leads to the following pair of equations:
〈0|q¯(z1n)gGµν(z2n)nνΓhv(0)|B¯(v)〉 =
=
1
2
FB(µ)Tr
{
γ5ΓP+
[
(/nvµ − γµ)
(
ΨA −ΨV
)− iσµνnνΨV − nµXA + nµ/nYA]}(z1, z2;µ) ,
〈0|q¯(z1n)igG˜µν(z2n)nνγ5Γhv(0)|B¯(v)〉 =
=
1
2
FB(µ)Tr
{
γ5ΓP+
[
(/nvµ − γµ)
(
Ψ˜A − Ψ˜V
)− iσµνnνΨ˜V − nµX˜A + nµ/nY˜A]}(z1, z2;µ) ,
(2.9)
cf. [21]. It is easy to show that
Ψ˜A = −ΨV , Ψ˜V = −ΨA , (2.10)
but the X,Y - and X˜, Y˜ - functions are not related to each other. Note that the DAs W
and Z do not appear in these expressions.
In what follows we will use shorthand notations for the field coordinates on the light
cone:
q¯(z1) ≡ q¯(z1n) , Gµν(z2) ≡ Gµν(z2n) .
2.1 Collinear twist and conformal spin assignment
The basis of the DAs in (2.7) is convenient because of the simple Lorentz structures.
However, it is not suitable for discussion of QCD factorization as the DAs in this basis
do not have definite (collinear) twist. Hence terms with different power suppression in the
heavy quark expansion get mixed.
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Twist t and conformal spin j of the light quark and gluon fields are given by the usual
expressions
t = d− s , j = 1
2
(d+ s) , (2.11)
where d is the canonical dimension and s is the spin projection on the light cone. Twist
of a nonlocal heavy-light operator can then be defined as the sum of twists of the light
constituents plus one unit of twist for the effective heavy quark field hv. Adding one
unit of twist for hv is entirely a convention which we adopt in order to match the usual
twist hierarchy for light quark-gluon operators; in this way in both cases the leading-twist
contributions are defined as twist-two.
The DAs of definite twist and conformal spins of the constituent fields are most easily
defined by the corresponding projections of the general expression in (2.7). One finds one
DA of twist three
2FB(µ)Φ3(z1, z2;µ) = 〈0|q¯(z1)gGµν(z2)nν/nγµ⊥γ5hv(0)|B¯(v)〉 , (2.12)
where
Φ3 = ΨA −ΨV , (2.13)
three independent twist-four DAs
2FB(µ)Φ4(z1, z2;µ) = 〈0|q¯(z1)gGµν(z2)nν /¯nγµ⊥γ5hv(0)|B¯(v)〉 ,
2FB(µ)Ψ4(z1, z2;µ) = 〈0|q¯(z1)gGµν(z2)n¯µnν/nγ5hv(0)|B¯(v)〉 ,
2FB(µ)Ψ˜4(z1, z2;µ) = 〈0|q¯(z1)igG˜µν (z2)n¯µnν/nhv(0)|B¯(v)〉 , (2.14)
where
Φ4 = ΨA +ΨV ,
Ψ4 = ΨA +XA ,
Ψ˜4 = ΨV − X˜A , (2.15)
three twist-five DAs
2FB(µ)Φ˜5(z1, z2;µ) = 〈0|q¯(z1)gGµν(z2)n¯ν/nγµ⊥γ5hv(0)|B¯(v)〉 ,
2FB(µ)Ψ5(z1, z2;µ) = 〈0|q¯(z1)gGµν(z2)n¯µnν /¯nγ5hv(0)|B¯(v)〉 ,
2FB(µ)Ψ˜5(z1, z2;µ) = 〈0|q¯(z1)igG˜µν (z2)n¯µnν /¯nhv(0)|B¯(v)〉 , (2.16)
where
Φ˜5 = ΨA +ΨV + 2YA − 2Y˜A + 2W ,
Ψ5 = −ΨA +XA − 2YA ,
Ψ˜5 = −ΨV − X˜A + 2Y˜A , (2.17)
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Φ3 Φ4 Ψ4 + Ψ˜4 Ψ4 − Ψ˜4 Φ5 Ψ5 + Ψ˜5 Ψ5 − Ψ˜5 Φ6
twist 3 4 4 4 5 5 5 6
jq 1 1/2 1 1 1 1/2 1/2 1/2
jg 3/2 3/2 1 1 1/2 1 1 1/2
chirality ↑↓(↓↑) ↑↑(↓↓) ↑↑(↓↓) ↑↓(↓↑) ↑↑(↓↓) ↑↑(↓↓) ↑↓(↓↑) ↑↓(↓↑)
Table 1. The twist, conformal spins jq, jg of the constituent fields and chirality [same or opposite]
of the three-particle B-meson DAs.
and one twist-six DA
2FB(µ)Φ˜6(z1, z2;µ) = 〈0|q¯(nz1)gGµν(nz2)n¯ν /¯nγµ⊥γ5hv(0)|B¯(v)〉 (2.18)
with
Φ6 = ΨA −ΨV + 2YA + 2W + 2Y˜A − 4Z . (2.19)
The conformal spin assignment for all DAs is summarized in Table. 1.
The twist-five and twist-six DAs are not expected to contribute to the leading power
corrections O(1/mB) in B-decays and will not be considered further in this work.
Note that we also do not consider twist-four four-particle B-meson DAs (with two
gluon fields and/or with an extra quark-antiquark pair). By analogy to the DAs of light
mesons twist-four four-particle DAs are expected to be small and, most importantly, have
autonomous scale dependence i.e. they do not mix with the three-particle DAs. Thus they
can be consistently put to zero at all scales and do not reappear via evolution.
2.2 Asymptotic behavior at small momenta
Asymptotic behavior of all DAs at small quark and gluon momenta is determined by
conformal spins of the fields [24]
f(ω1, ω2) ∼ ω2j1−11 ω2j2−12 . f ∈ {φ3, φ4, ψ4, ψ˜4 . . .} (2.20)
In particular
φ3(ω1, ω2) ∼ ω1ω22 , φ4(ω1, ω2) ∼ ω22 , ψ4(ω1, ω2) ∼ ψ˜4(ω1, ω2) ∼ ω1ω2 . (2.21)
These expressions can be verified considering correlation functions of the corresponding
light-ray operators and suitable local currents, e.g. [11], and are stable against evolution
provided the renormalization group equations respect conformal symmetry which is true
to the leading logarithmic accuracy.
2.3 Spinor representation
Discussion of scale dependence of the DAs is considerably simplified using spinor formalism.
In this work we follow the conventions adopted in [25, 26].
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Any light-like vector can be represented by a product of two spinors. We write
nαα˙ = nµσ
µ
αα˙ = λαλ¯α˙ , n¯αα˙ = n¯µσ
µ
αα˙ = µαµ¯α˙ (2.22)
where λ¯ = λ†, µ¯ = µ†. We choose
(λµ) = λαµα = 2, (µ¯ λ¯) = µ¯α˙λ¯
α˙ = 2 (2.23)
which is consistent with our normalization (nn¯) = 2.1
The “+” and “–” fields are defined as the projections onto the auxiliary λ and µ
spinors,
χ+ = λ
αψα, ψ¯+ = λ¯
α˙ψα˙, f++ = λ
αλβfαβ, f+− = λ
αµβfαβ , f¯++ = λ¯
α˙λ¯β˙ f¯α˙β˙ (2.24)
etc. The Dirac (antiquark) spinor
q =
(
ψα
χ¯β˙
)
, q¯ = (χβ, ψ¯α˙)
is written in this notation as
(λµ)χα = µαχ+ − λαχ− , (µ¯λ¯) ψ¯α˙ = µ¯α˙ψ¯+ − λ¯α˙ψ¯− . (2.25)
The equation of motion (EOM) for the effective heavy quark field /vhv = hv reads
h+ = −h¯− , h− = h¯+ . (2.26)
The gluon strength tensor Fµν can be decomposed as
Fαβ,α˙β˙ = σ
µ
αα˙σ
ν
ββ˙
Fµν = 2
(
ǫα˙β˙fαβ − ǫαβ f¯α˙β˙
)
,
iF˜αβ,α˙β˙ = σ
µ
αα˙σ
ν
ββ˙
iF˜µν = 2
(
ǫα˙β˙fαβ + ǫαβ f¯α˙β˙
)
. (2.27)
Here fαβ and f¯α˙β˙ are chiral and antichiral symmetric tensors, f
∗ = f¯ , which belong to
(1, 0) and (0, 1) representations of the Lorenz group, respectively.
Rewriting the relevant operators in spinor notation one obtains (f → gf)
FB(µ)Φ+(z;µ) = i 〈0|ψ¯+(z)h+(0) − χ+(z)h¯+(0)|B¯(v)〉 ,
FB(µ)Φ−(z;µ) = i 〈0|ψ¯−(z)h−(0) − χ−(z)h¯−(0)|B¯(v)〉 ,
2FB(µ)Φ3(z1, z2;µ) = −〈0|χ+(z1)f¯++(z2)h+(0) + ψ¯+(z1)f++(z2)h¯+(0)|B¯(v)〉 , (2.28)
and
2FB(µ)Φ4(z1, z2;µ) = 〈0|χ−(z1)f++(z2)h−(0) + ψ¯−(z1)f¯++(z2)h¯−(0)|B¯(v)〉 ,
FB(µ)
[
Ψ4 + Ψ˜4
]
(z1, z2;µ) = −〈0|χ+(z1)f+−(z2)h−(0) + ψ¯+(z1)f¯+−(z2)h¯−(0)|B¯(v)〉 ,
FB(µ)
[
Ψ4 − Ψ˜4
]
(z1, z2;µ) = −〈0|χ+(z1)f¯+−(z2)h−(0) + ψ¯+(z1)f+−(z2)h¯−(0)|B¯(v)〉 .
(2.29)
1The particular choice in Eq. (2.4) corresponds to λα =
√
2 (0, 1), µα =
√
2 (1, 0).
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Since the contributions of left- and right-handed (chiral and anti-chiral) quarks have to be
equal, one can drop half of the terms, e.g., the ones involving ψ-spinor, for most purposes.
Note that Φ4 and Ψ4+Ψ˜4 contain light quark and gluon fields of the same chirality, whereas
in Φ3 and Ψ4 − Ψ˜4 chirality of the light degrees of freedom is the opposite. Since chirality
(and twist) is conserved in perturbation theory, we expect that Φ4 can get mixed under
evolution with Ψ4+ Ψ˜4, but the scale dependence of the “genuine” twist-four contribution
to Ψ4 − Ψ˜4 is autonomous.
For completeness we write also twist-five and twist-six DAs in the spinor representation:
2FB(µ)Φ5(z1, z2;µ) = 〈0|χ+(z1)f−−(z2)h+(0) + ψ¯+(z1)f¯−−(z2)h¯+(0)|B¯(v)〉 ,
FB(µ)
[
Ψ5 + Ψ˜5
]
(z1, z2;µ) = 〈0|χ−(z1)f+−(z2)h+(0) + ψ¯−(z1)f¯+−(z2)h¯+(0)|B¯(v)〉 ,
FB(µ)
[
Ψ5 − Ψ˜5
]
(z1, z2;µ) = 〈0|χ−(z1)f¯+−(z2)h+(0) + ψ¯−(z1)f+−(z2)h¯+(0)|B¯(v)〉 ,
(2.30)
and
2FB(µ)Φ6(z1, z2;µ) = 〈0|χ−(z1)f¯−−(z2)h−(0) + ψ¯−(z1)f−−(z2)h¯−(0)|B¯(v)〉 . (2.31)
3 Scale Dependence
DAs are scale-dependent and satisfy renormalization group equations with the evolution
kernels that can be found in Refs. [26, 27] (in position space). They are collected in
Appendix D. The corresponding expressions in momentum space can be found in Ref. [28].
The evolution equation for the leading-twist B-meson DA Φ+ was derived by Lange
and Neubert [5] and solved in Refs. [8, 9]. The evolution equation for the twist-three DAs
Φ− and Φ3 was constructed and solved in the large-Nc limit in Ref. [17] using a “hid-
den” symmetry of this equation called complete integrability. It turns out that evolution
equations for the twist-four DAs are completely integrable as well and can be solved in
the same manner. The corresponding expressions present the main result of our study.
In this section we present the final expressions. The derivation uses the formalism of the
Quantum Inverse Scattering Method (QISM) and is sketched in Appendix A; details will
be published elsewhere.
For the two-particle twist-two and twist-three DAs one obtains [3, 8, 9, 17]
Φ+(z, µ) = − 1
z2
∫ ∞
0
ds s eis/z η+(s, µ) ,
Φ−(z, µ) = − i
z
∫ ∞
0
ds eis/z
[
η+(s, µ) + η
(0)
3 (s, µ)
]
, (3.1)
in position space, and
φ+(ω, µ) =
∫ ∞
0
ds
√
ωsJ1(2
√
ωs) η+(s, µ) ,
φ−(ω, µ) =
∫ ∞
0
ds J0(2
√
ωs)
[
η+(s, µ) + η
(0)
3 (s, µ)
]
=
∫ ∞
ω
dω′
ω′
φ+(ω
′, µ) +
∫ ∞
0
ds J0(2
√
ωs) η
(0)
3 (s, µ) (3.2)
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in momentum space, respectively. The coefficient functions η+(s, µ) and η
(0)
3 (s, µ) contain
all relevant nonperturbative information and have to be fixed at a certain (low) reference
scale µ = µ0.
2 The most important parameter for the QCD description of B-decays is the
value of the first negative moment
λ−1B (µ) =
∫ ∞
0
dω
ω
φ+(ω, µ) =
∫ ∞
0
dτ Φ+(−iτ, µ) =
∫ ∞
0
ds η+(s, µ) . (3.3)
The scale dependence of η+(s, µ) and η
(0)
3 (s, µ) is given by
η+(s, µ) = R(s;µ, µ0)η+(s, µ0) ,
η
(0)
3 (s, µ) = L
Nc/β0R(s;µ, µ0)η
(0)
3 (s, µ0) , (3.4)
where L = αs(µ)/αs(µ0) and
R(s;µ, µ0) = L
3CF /(2β0) exp
[
−
∫ µ
µ0
dτ
τ
Γcusp(αs(τ)) ln(τs/s0)
]
= L3CF /(2β0)
(
µ
µ0
)− 2CF
β0
(
µ0s
s0
) 2CF
β0
lnL
L
−
4CF π
β20 αs(µ0) . (3.5)
Here s0 = e
5/4−γE , Γcusp(αs) =
αs
pi CF + . . . is the cusp anomalous dimension and we have
factored out the scale dependence of the B-meson decay constant
FB(µ) = L
−3CF /(2β0)FB(µ0) . (3.6)
The three-particle twist-three DA Φ3(z1, z2, µ) satisfies a more complicated renormal-
ization group (RG) equation(
µ
∂
∂µ
+ β(αs)
∂
∂αs
+
αs
2π
H3
)
Φ3(z, µ) = 0 , z = {z1, z2} , (3.7)
where H3 is a certain integral operator that can be written as a sum of two-particle kernels
that can be found in Appendix D. This equation was solved in Ref. [17] in the large-Nc
limit, i.e. neglecting corrections to H3 that are suppressed by a factor 1/N2c . In [17] the
eigenfunctions of the evolution equation and the corresponding anomalous dimensions have
been found.
The DA Φ3(z1, z2, µ) can be expanded in terms the eigenfunctions of the large-Nc
evolution kernel as follows [17]:
Φ3(z, µ) =
∫ ∞
0
ds
[
η
(0)
3 (s, µ)Y
(0)
3 (s | z) +
1
2
∫ ∞
−∞
dx η3(s, x, µ)Y3(s, x | z)
]
, (3.8)
where
Y3(s, x | z) = is
2
z21z
3
2
∫ 1
0
duuu¯ eis(u/z1+u¯/z2) 2F1
(−12 − ix,−12 + ix
2
∣∣∣− u
u¯
)
, u¯ ≡ 1− u ,
Y
(0)
3 (s | z) = Y3(s, x = i/2 | z) =
is2
z21z
3
2
∫ 1
0
duuu¯ eis(u/z1+u¯/z2) . (3.9)
2The variable s is an eigenvalue of the generator of special conformal transformation S+ [9]. The
leading-twist coefficient function η+ is related to the B-meson DA in the “dual” representation of Ref. [8]
as s η+(s, µ) ≡ ρ+(1/s, µ).
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Figure 1. Anomalous dimensions γ3(x) (3.11) and γ4(x) (3.18) of higher-twist DAs. The anoma-
lous dimension of the special (discrete) twist-three state γ
(0)
3 = γ3(x = i/2) is shown by the black
dot.
Note that the eigenfunctions Y3(s, x | z) are even under reflection x → −x, so that the
coefficient functions in this expansion can be chosen even as well, η3(s, x, µ) = η3(s,−x, µ).
They are characterized by two real numbers s > 0 and −∞ < x < ∞. It turns out that
the corresponding anomalous dimensions can be written as a sum of terms depending on
s and x separately. The s-dependent part can be absorbed in the same universal factor
R(s;µ, µ0) as for the leading twist so that one obtains [17]
η3(s, x, µ) = L
γ3(x)/β0R(s;µ, µ0) η3(s, x, µ0) ,
η
(0)
3 (s, µ) = L
Nc/β0R(s;µ, µ0)η
(0)
3 (s, µ0) , (3.10)
with the anomalous dimension [17]3
γ3(x) = Nc
[
ψ
(
3/2 + ix
)
+ ψ
(
3/2 − ix)+ 2γE] , γ(0)3 = γ3(x = i/2) = Nc . (3.11)
Note that in addition to the integral over all real values of x the DA Φ3(z, µ) contains
an extra contribution, the first term in Eq. (3.8), corresponding to a particular imaginary
value x = i/2. This special term has a lower anomalous dimension separated by a finite
number from the rest, continuum spectrum, and can be interpreted as the asymptotic DA.
This interpretation fails, however, for large quark and/or gluon momenta ω1, ω2 & µ (alias
small coordinates z1, z2 . 1/µ) in which case contributions with all anomalous dimensions
have to be included, see Ref. [17] for a detailed discussion. Note also that the twist-three
contribution to the two-particle DA Φ− in Eq. (3.1) is determined entirely by this special
term, η
(0)
3 (s, µ). The “genuine” three-particle twist-three contributions to Φ3 encoded in
η3(s, x, µ) decouple from Φ− to the stated 1/N
2
c accuracy.
It is useful to have in mind that the evolution kernel H3 is a hermitian operator so that
its eigenfunctions Y3(s, x | z) are mutually orthogonal and form a complete set of functions
with respect to a suitable scalar product. Explicit construction is given in Appendix B. In
3To be precise, γ3(x) and γ4(x) defined below in Eq. (3.18) correspond to the difference of anomalous
dimensions between the higher- and leading-twist operators. The scale dependence for the leading-twist
DA is included in the R-factor.
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this way the coefficient functions η3(s, x, µ), η
(0)
3 (s, µ) can be calculated as scalar products
of the model DA with the corresponding eigenfunctions.
The renormalization group equations for twist-four DAs can be treated along the sim-
ilar lines, the main difference being that one obtains a 2 × 2 matrix RG equation. The
matrix structure is clear for the chiral-even case since the two existing chirality-even DAs
Φ4 and Ψ4 + Ψ˜4 are mixed by the evolution, and also for the chiral-odd case it is neces-
sary to take into account additional operators containing transverse derivatives (A.3), see
App. A. The complete solution of the evolution equations is presented in Eq. (A.29).
It turns out that this general result can be simplified under the assumption that twist-
four four-particle B-meson DAs (with two gluon fields and/or with an extra quark-antiquark
pair) are put to zero. Such DAs can be expected to be small and have autonomous scale
dependence i.e. they do not mix with the three-particle DAs [29]. Thus they can be
consistently put to zero at all scales and do not reappear via evolution.
With this assumption we are able to derive an exact relation between the two chiral-
even DAs,
2∂1z1Φ4(z) =
(
z2∂z2 + 2
) [
Ψ4(z) + Ψ˜4(z)
]
, (3.12)
and a similar relation for the chiral-odd DAs that allows one to eliminate contributions
with transverse derivatives (A.32). The derivation is presented in App. C.
In this way (to this accuracy) the general expressions for the scale dependence of the
DAs in (A.29) reduce to
Φ4(z) =
1
2
∞∫
0
ds
∞∫
−∞
dx η
(+)
4 (s, x, µ)Y
(+)
4;1 (s, x |z) , (3.13a)
(Ψ4 + Ψ˜4)(z) = −
∞∫
0
ds
∞∫
−∞
dx η
(+)
4 (s, x, µ)Y
(+)
4;2 (s, x |z) , (3.13b)
(Ψ4 − Ψ˜4)(z) = 2
∞∫
0
ds
(
iz2
s
){
η
(0)
3 (s, µ)Y
(0)
3 (s |z) +
1
2
∞∫
−∞
dx η3(s, x, µ)Y3(s, x |z)
}
−
∞∫
0
ds
∞∫
−∞
dxκ
(−)
4 (s, x, µ)Z
(−)
4;2 (s, x |z) , (3.13c)
where(
Y
(+)
4;1
Y
(+)
4;2
)
(s, x | z) = s
3/2
z21z
3
2
∫ 1
0
du eis(u/z1+u¯/z2) 2F1
(−ix,+ix
1
∣∣∣− u
u¯
)(
u¯z1
−uz2
)
, (3.14)
and
Z
(−)
4;2 (s, x | z) =
s3/2
z21z
2
2
∫ 1
0
duu2 eis(u/z1+u¯/z2) 2F1
(−ix,+ix
3
∣∣∣− u
u¯
)
. (3.15)
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The first term in the expression for Ψ4 − Ψ˜4 (3.13c) can be interpreted as the Wandzura-
Wilczek-type contribution of twist-three (related to the DA Φ3) in the same manner as the
twist-three two-particle DA Φ− contains a term related to the leading-twist DA Φ+, cf.
Eq. (3.1). We can write
(Ψ4 − Ψ˜4)(z) = (Ψ4 − Ψ˜4)WW (z) + (Ψ4 − Ψ˜4)tw−4(z) . (3.16)
The remaining “genuine” twist-four contributions are expressed in terms of two non-
perturbative functions η
(+)
4 (s, x, µ) and κ
(−)
4 (s, x, µ) that have the same scale dependence
(up to 1/N2c corrections):
η
(+)
4 (s, x, µ) = L
γ4(x)/β0R(s;µ, µ0) η
(+)
4 (s, x, µ0) ,
κ
(−)
4 (s, x, µ) = L
γ4(x)/β0R(s;µ, µ0)κ
(−)
4 (s, x, µ0) , (3.17)
where
γ4(x) = Nc
[
ψ
(
ix
)
+ ψ
(− ix)+ 2γE] . (3.18)
Since the scale dependence is the same, one may wonder whether a relation between
η
(+)
4 (s, x, µ) and κ
(−)
4 (s, x, µ) exists on a nonperturbative level. Such relation is derived
and discussed in the next section; its theoretical status is, however, less solid as compared
to the rest of our results.
Going over to momentum space corresponds to a Fourier transform of the eigenfunc-
tions
Y (s, x | z) =
∫ ∞
0
dω1
∫ ∞
0
dω2 e
−iω1z1−iω2z2 Y (s, x |ω) , ω = {ω1, ω2} , (3.19)
so that, e.g.,
φ3(ω, µ) =
∫ ∞
0
ds
[
η
(0)
3 (s, µ)Y
(0)
3 (s |ω) +
1
2
∫ ∞
−∞
dx η3(s, x, µ)Y3(s, x |ω)
]
, (3.20)
and similar for all twist-four DAs.4
Explicit expressions for the eigenfunctions of the evolution equations in momentum
space can easily be derived using that
e−ipij
z2j
eis/z =
∫ ∞
0
dω e−iωz (ω/s)j−1/2 J2j−1(2
√
sω) Im(z) < 0 . (3.21)
4The factor iz2 in the expression for (Ψ4 − Ψ˜4)(z) has to be replaced in the momentum space represen-
tation by the derivative over the gluon momentum iz2 7→ −∂/∂ω2.
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One obtains
Y3(s, x |ω) = −
1∫
0
du
√
usω1 J1(2
√
usω1)ω2 J2(2
√
u¯sω2) 2F1
(−12−ix,−12+ix
2
∣∣∣− u
u¯
)
,
(
Y
(+)
4;1
Y
(+)
4;2
)
(s, x |ω) =
1∫
0
du
u¯
√
u¯s ω2 2F1
(−ix,+ix
1
∣∣∣− u
u¯
)( √ω2u¯J0 (2√ω1us) J2 (2√ω2u¯s)
−√ω1uJ1
(
2
√
ω1us
)
J1 (2
√
ω2u¯s)
)
,
Z
(−)
4;2 (s, x |ω) =
1∫
0
du
u¯
u
√
usω1J1 (2
√
ω1us)
√
u¯ω2 J1
(
2
√
ω2u¯s
)
2F1
(−ix,+ix
3
∣∣∣− u
u¯
)
.
(3.22)
The RG kernels (for all twists) are hermitian operators with respect to the SL(2) scalar
product, see App. A, B. As the result, eigenfunctions of the evolution equation correspond-
ing to different anomalous dimensions are orthogonal and form a complete set of functions.
The resulting orthogonality relations are collected in App. B. They can be used to invert
the representations in Eq. (3.13) and express the coefficients η4, κ4 at a low reference scale
in terms of the models for the DAs in momentum (or coordinate) space.
4 Two-particle higher-twist DAs and equations of motion
In the parton model language, higher twist effects are due to contributions of higher Fock
states but also to nonvanishing parton transverse momenta (or virtuality). Due to QCD
equations of motion (EOM) the latter can be expressed in terms of the multiparton config-
urations as well and can be thought of as contributions of gluon (or quark-antiquark pair)
emission from the external lines of the partonic hard-scattering amplitude. In applications
to hard exclusive reactions it has become customary to take into account these diagrams
through the contributions of two-particle higher-twist DAs that arise as terms ∼ O(x2) in
the expansion of the relevant nonlocal quark-antiquark operator close to the light cone.
For the present case we can write, assuming |x2| ≪ 1/Λ2QCD,
〈0|q¯(x)Γ[x, 0]hv(0)|B¯(v)〉 = − i
2
FB Tr
[
γ5ΓP+
] ∞∫
0
dω e−iω(vx)
{
φ+(ω) + x
2g+(ω)
}
+
i
4
FB Tr
[
γ5ΓP+/x
] 1
vx
∞∫
0
dω e−iω(vx)
{
[φ+ − φ−](ω) + x2[g+ − g−](ω)
}
(4.1)
introducing two new DAs, g+(ω) and g−(ω) that are of twist four and five, respectively.
Terms O(x4) are neglected. Eq. (4.1) has to be understood as a light-cone expansion to the
tree-level accuracy which should be sufficient for the calculation of higher-twist corrections
to the leading order in the strong coupling.
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Note that the l.h.s. of Eq. (4.1) cannot have a power singularity 1/(vx) at (vx) → 0.
This implies the constraints
∞∫
0
dω
[
φ+(ω)− φ−(ω)
]
= 0 ,
∞∫
0
dω
[
g+(ω)− g−(ω)
]
= 0 . (4.2)
The DAs g+(ω) and g−(ω) can be expressed in terms of the three-particle DAs con-
sidered in previous sections. The corresponding expressions were derived by Kawamura et
al. (KKQT) [21] starting from the operator identities
∂
∂xµ
q¯(x)γµΓ[x, 0]hv(0) = −i
∫ 1
0
udu q¯(x)[x, ux]xρgGρµ(ux)[ux, 0]γ
µΓhv(0) ,
vµ
∂
∂xµ
q¯(x)Γ[x, 0]hv(0) = i
∫ 1
0
u¯du q¯(x)[x, ux]xρgGρµ(ux)[ux, 0]v
µΓhv(0)
+ (v · ∂)q¯(x)Γ[x, 0]hv(0) , (4.3)
taking the appropriate matrix elements and comparing the resulting expressions with the
definition of the DAs in the limit x2 → 0. In this way one obtains [21]5[
z
d
dz
+ 1
]
Φ−(z) = Φ+(z) + 2z
2
∫ 1
0
uduΦ3(z, uz) , (4.4a)
2z2G+(z) = −
[
z
d
dz
− 1
2
+ izΛ¯
]
Φ+(z)− 1
2
Φ−(z)− z2
∫ 1
0
u¯duΨ4(z, uz) , (4.4b)
2z2G−(z) = −
[
z
d
dz
− 1
2
+ izΛ¯
]
Φ−(z)− 1
2
Φ+(z)− z2
∫ 1
0
u¯duΨ5(z, uz) , (4.4c)
Φ−(z) =
(
z
d
dz
+ 1 + 2izΛ¯
)
Φ+(z) + 2z
2
∫ 1
0
du
[
uΦ4(z, uz) + Ψ4(z, uz)
]
, (4.4d)
where
G±(z, µ) =
∞∫
0
dω e−iωzg±(ω, µ) (4.5)
and
Λ¯ = mB −mb . (4.6)
The first KKQT relation, Eq. (4.4a), only involves twist-two and twist-three contributions.
It allows to calculate the twist-three DA Φ−(z) in terms of Φ+(z) (Wandzura-Wilczek
contribution [3]) and the “genuine” twist-three three-particle DA Φ3(z1, z2). This relation
can be derived in many ways (see e.g. App. C) and was used to arrive at the representation
for Φ−(z) in Eqs. (3.1), (3.2) [17].
The second and the third relation, Eqs. (4.4b) and (4.4c), provide one with the expres-
sions for the two-particle higher-twist DAs G±(z) in terms of the three-particle DAs of the
same twist and lower-twist Wandzura-Wilczek-type terms.
5The last two relations in (4.4) follow from the expressions given in [21] by simple algebra.
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The last KKQT relation, Eq. (4.4d), is a nontrivial constraint relating the higher-twist
matrix elements with the leading twist. Using the representation in Eqs. (3.1), (3.13) one
obtains from Eq. (4.4d) the following relation for the coefficient functions:6[
1− (∂ss)2 − 2sΛ¯
]
η+(s, µ) = π
√
sκ
(−)
4 (s, 0, µ) − π
√
sη
(+)
4 (s, 0, µ) . (4.7)
This equation presents a nonlocal generalization of the Grozin-Neubert relations [4]∫ ∞
0
dω ω φ+(ω) =
4
3
Λ¯ ,
∫ ∞
0
dω ω2φ+(ω) = 2Λ¯
2 +
2
3
λ2E +
1
3
λ2H , (4.8)
where λ2E and λ
2
H are matrix elements of certain local quark-gluon operators (5.1). It is
easy to show that Eq. (4.8) correspond to the expansion of Eq. (4.7) at s→ 0 and collecting
terms O(s) and O(s2), respectively.
Since γ4(x = 0) = 0 (3.18), the scale dependence of the higher-twist contributions on
the r.h.s. of Eq. (4.7) matches the scale dependence of the leading-twist DA on the l.h.s. of
this relation, however, only if the derivatives ∂s are not applied to the s-dependent R-factor
(3.5). This difficulty is due to the fact the light-cone expansion x2 → 0 in (4.1) beyond
tree level requires a careful treatment of the x2-dependent cusp anomalous dimension. A
detailed investigation of this problem goes beyond the tasks of this work.
In order to tame potentially large corrections ∼ αs ln(sµ) to Eq. (4.7) one can try to
enforce this relation for the integrated quantities,
∫∞
0 ds, in which case it transforms into a
constraint on the low-momentum behavior of the DAs that is most relevant for applications.
In this way one obtains after a short calculation
2Λ¯φ′+(0, µ) − λ−1B (µ) = 2
∫ ∞
0
dω2
ω22
[
φ4(0, ω2, µ) + ω2(ψ4)
(1)
tw−4(0, ω2, µ)
]
(4.9)
where φ′(ω, µ) = ∂ωφ(ω, µ) and (ψ4)tw−4 is the “genuine” twist-four contribution to the
DA ψ4,
(ψ4)
(1)
tw−4(ω, µ) = ∂ω1(ψ4)tw−4(ω, µ) , (ψ4)tw−4 =
1
2
[
(ψ4−ψ˜4)tw−4 + (ψ4+ψ˜4)
]
,
cf. Eq. (3.16).
In any case, it is important to have in mind that the expressions for the two-particle
higher-twist DAs G±(z) in (4.4b),(4.4c) are obtained in the same approximation as the
constraints in (4.4d), (4.7), or, in the minimal version, (4.9). These constraints have to be
fulfilled, for consistency, for any model of G±(z) at a low scale.
In Ref. [21] a model for the leading-twist DA was formulated, called there “Wandzura-
Wilczek approximation”, by putting all quark-gluon contributions on the r.h.s. of Eqs. (4.7)
to zero. We think that this approximation is not viable and the interpretation referring to
Wandzura and Wilczek is misleading.
6In this calculation one has to start with the regularized version of the integral
∫ 1
0
duΨ4(z, uz) →∫ 1
0
duuǫΨ4(z, uz) and take the limit ǫ→ 0 at the end.
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Similar EOM constraints are familiar and widely used for the light-quark systems, see
e.g. [30, 31]. The simplest of them is the following operator identity for the divergence of
the quark energy momentum tensor (for massless quarks):
∂µOµν = 2q¯gGµνγµq , (4.10)
where
Oµν = 1
2
q¯γµi
↔
Dν q +
1
2
q¯γνi
↔
Dµ q . (4.11)
Such identities exist for all leading twist operators. The general statement is that the diver-
gence (in mathematical sense) of a multiplicatively renormalizable leading twist operator
can be expressed as a sum of quark-gluon operators [32]. If all quark-gluon contributions
are put to zero, one obtains an infinite series of conserved currents. This is in fact the
symmetry of a naive parton model (free quarks), and indeed sending g → 0 is the only
way to get rid of quark-gluon operators in a theoretically consistent way. A free theory is,
however, not a viable approximation for modeling of the bound states. Note that the scale
dependence must be neglected in this case as well. This approximation has been, therefore,
never followed, to the best of our knowledge. Instead, the EOM relations of this type have
commonly been used as constraints that allow one to reduce the number of independent
twist-four matrix elements, see e.g. [30–32]. The situation with the heavy-light operators
is analogous; Eq. (4.7) provides one with powerful constraints on the higher-twist DAs by
reducing the number of nonperturbative parameters but does not imply any restrictions
on the leading-twist DA itself.
5 Models
Modeling higher-twist DAs requires certain nonperturbative input which is currently very
limited. Aim of this section is to present a few phenomenologically acceptable models that
satisfy all known constraints.
Matrix elements of local operators
〈0|q¯(0)gGµν (0)Γhv(0)|B¯(v)〉 =
= − i
6
FBλ
2
H Tr
[
γ5ΓP+σµν
]
− 1
6
FB
(
λ2H − λ2E
)
Tr
[
γ5ΓP+(vµγν − vνγµ)
]
(5.1)
can be estimated from QCD sum rules. One obtains
λ2E = 0.11 ± 0.06 GeV2, λ2H = 0.18 ± 0.07 GeV2, [4] (5.2)
λ2E = 0.03 ± 0.02 GeV2, λ2H = 0.06 ± 0.03 GeV2, [33] (5.3)
where in the second calculation some NLO corrections have been taken into account. Note
that the ratio
R = λ2E/λ
2
H ≃ 0.5 (5.4)
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is almost the same in both cases and is generally more reliable than the values of the matrix
elements themselves as many uncertainties cancel.
Assuming that the integrals over quark and gluon momenta at a low scale converge,
one obtains normalization conditions for the DAs
ΨV (z = 0) =
∫ ∞
0
dω1
∫ ∞
0
dω2 ψV (ω) =
1
3
λ2H , ΨA(z = 0) =
1
3
λ2E ,
XA(z = 0) = YA(z = 0) = X˜A(z = 0) = 0 , (5.5)
or, equivalently,
Φ3(z = 0) =
1
3
(λ2E − λ2H) , Φ4(z = 0) =
1
3
(λ2E + λ
2
H) ,
Ψ4(z = 0) =
1
3
λ2E , Ψ˜4(z = 0) =
1
3
λ2H . (5.6)
Under the same assumptions, at a low scale
G+(0) =
∫ ∞
0
dω g+(ω) =
1
6
[
Λ¯2 + λ2E + λ
2
H
]
. (5.7)
5.1 Model I: Exponential
The simplest model can be obtained combining the known low-momentum behavior (2.21)
with an exponential falloff at large momenta, and using the above normalization conditions
(cf. [11]):
φ3(ω1, ω2, µ0) =
λ2E − λ2H
6ω50
ω1ω
2
2 e
−(ω1+ω2)/ω0 ,
φ4(ω1, ω2, µ0) =
λ2E + λ
2
H
6ω40
ω22 e
−(ω1+ω2)/ω0 ,
ψ4(ω1, ω2, µ0) =
λ2E
3ω40
ω1ω2 e
−(ω1+ω2)/ω0 ,
ψ˜4(ω1, ω2, µ0) =
λ2H
3ω40
ω1ω2 e
−(ω1+ω2)/ω0 , (5.8)
This construction is similar in spirit to the simple leading-twist DA proposed by Grozin
and Neubert [4]
φ+(ω, µ0) =
ω
λ2B
e−ω/λB , η+(s, µ) = e
−sλB , (5.9)
and has the advantage that all relevant coefficient functions in the expansion over the
eigenfunctions of the evolution equations can be calculated explicitly in analytic form:
η3(s, x, µ0) = − 1
18
(λ2E − λ2H)s2e−ω0s
π(x2 + 1/4)
coshπx
x(x2 + 9/4)
coth πx
,
η
(0)
3 (s, µ0) = −
1
18
(λ2E − λ2H)s2e−ω0s ,
η
(+)
4 (s, x, µ0) =
1
3
(λ2E + λ
2
H)s
3/2e−ω0s coth πx
πx2
sinhπx
,
κ
(−)
4 (s, x, µ0) =
1
36
(λ2H − λ2E)s3/2e−ω0s
x(1 + x2)(4 + x2)
tanhπx
πx
sinhπx
, (5.10)
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Figure 2. The two-particle twist-4 DA g+(ω) in Model I (5.13). For this plot we have taken
R = λ2E/λ
2
H = 1/2 (5.4). The leading-twist DA φ+(ω) (5.9) is shown by dashes for comparison.
The EOM relation (4.7) becomes[
1 + ∂ss− ∂2ss2 − 2sΛ¯
]
η+(s, µ) = π
√
sκ
(−)
4 (s, 0, µ)− π
√
sη
(+)
4 (s, 0, µ)
= −2
9
(2λ2E + λ
2
H)s
2e−ω0s . (5.11)
For the simplest leading-twist DA in (5.9) this equation is satisfied if
ω0 = λB =
2
3
Λ¯ , 2Λ¯2 = 2λ2E + λ
2
H , (5.12)
in agreement with (4.8). If these relations are enforced, there remains to be one free
parameter, e.g., the ratio R = λ2E/λ
2
H (5.4).
Using the above explicit expressions for the three-particle DAs we can compute the
two-particle twist-four DA g+(ω) from Eq. (4.4b). Since this relation is derived in the same
approximation as the EOM (4.4d), we have to require that Eq. (5.11) is satisfied identically.
This means, e.g., that for the Grozin-Neubert leading-twist DA (5.9) the relations in (5.12)
have to be enforced. One obtains
g+(ω) = − λ
2
E
6ω20
{
(ω − 2ω0)Ei
(
− ω
ω0
)
+ (ω + 2ω0)e
−ω/ω0
(
ln
ω
ω0
+ γE
)
− 2ωe−ω/ω0
}
+
e−ω/ω0
2ω0
ω2
{
1− 1
36ω20
(λ2E − λ2H)
}
, (5.13)
where Ei(x) is the exponential integral. For small momenta
g+(ω) =
ω2
2ω0
{
1− λ
2
E
6ω20
− (λ
2
E − λ2H)
36ω20
}
+O(ω3)
=
9ω2
16Λ¯
{
1 +
(λ2E − λ2H)
8Λ¯2
}
+O(ω3) . (5.14)
The function g+(ω) (5.13) is plotted in Fig. 2 where we have taken R = 1/2 (5.4). It is
interesting that despite a rather elaborate analytic expression in (5.13) this function can
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be approximated with a very good accuracy by the simple expression
g+(ω) ≃ 3
16ω0
3 + 4R
1 + 2R
ω2e−ω/ω0 . (5.15)
Note that all EOM relations between the DAs are linear so that a more general model can
be constructed as an arbitrary linear combination of the above expressions with different
values of ω0.
For the leading-twist DA containing a large-momentum “tail” φ+(ω) ∼ lnωω the defi-
nition of g+(ω) in Eq. (4.4b) and the EOM relation (5.11) both have to be modified. The
problem is seen, e.g., using the expansions at µs≪ 1
η+(s, µ) = C0 − 2
3
C1Λ¯s+O(s2) (5.16)
with [10]
C0 = 1 +
αsCF
4π
(
−2 ln2(µs) + 2 ln(µs)− 2− π
2
12
)
+O(α2s) ,
C1 = 1 +
αsCF
4π
(
−2 ln2(µs) + 2 ln(µs) + 5
4
− π
2
12
)
+O(α2s) . (5.17)
Using this expansion it is easy to check that the expression on the l.h.s. of Eq. (5.11)
acquires terms ∼ αs sΛ¯ ln(µs) that do not match the assumed O(s2) behavior of the twist-
four contributions.
Before a more satisfying solution is available, we suggest to use the low-momentum
part of φ+(ω) only for the construction of the higher-twist DA models at a low reference
scale. Alternatively, the sensitivity to large-momentum contributions can be removed by
imposing EOM for the integrated coefficient functions (in s-space), cf. (4.9). In this way
one obtains the relation
1
λB
− 2Λ¯φ′+(0) = −
1
9ω30
(2λ2E + λ
2
H) , (5.18)
which can be used as a constraint on the twist-four parameters for a more general leading-
twist DA model.
The scale dependence of the twist-four DAs ψ4 + ψ˜4 and φ4 omitting the overall pref-
actor (λ2E + λ
2
E)/ω
2
0 is shown in the upper and the lower figure in Fig. 3, respectively. The
DAs at the scale µ = 2.5 GeV, shown in yellow, are overlaid with the input expressions (5.8)
where we assumed, for definiteness, µ0 = 1 GeV. In this plot we use the variables
ω = ω1 + ω2 , ω1 = uω , ω2 = (1− u)ω , (5.19)
so that ω is the total momentum of the light degrees of freedom and u is the fraction of
the total momentum carried by the antiquark. Evolution has two effects. One of them is
to suppress the higher-twist DAs at small momenta at larger scales and create the large-
momentum “tails” similar to the leading-twist DA. Another effect is that the three-particle
DAs at higher scales are tilted towards a larger momentum fraction carried by the gluon
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so that the region u → 0 is enhanced and the opposite region u → 1 depleted. This shift
becomes more pronounced for larger values of the total momentum. This general pattern is
seen in Fig. 3: the DAs at scale µ = 2.5 GeV are smaller than the input ones at µ = 1 GeV
in the whole u region for ω . 4ω0 whereas for ω & 4ω0 the DAs at µ = 2.5 GeV are larger
than at µ = 1 GeV for an increasingly broad interval in u. Effects of the scale dependence
on the twist-three DA φ3 are qualitatively similar and are discussed in detail in Ref. [17].
5.2 Model II: Local duality
Another class of models can be constructed using the local duality assumption, which is
that the contribution of the B-meson state to the correlation functions of the type
i
∫
d4y e−iω(vy)〈0|T{q¯(x)Γ1[x, 0]hv(0)h¯v(y)Γ2q(y)|0〉
=〈0|T{q¯(x)Γ1[x, 0]hv(0)|B¯(v)〉 1
Λ¯− ω 〈B¯(v)|h¯v(0)Γ2q(0)|0〉 + . . . (5.20)
is equal to the perturbative spectral density integrated over a certain energy interval (in-
terval of duality). Evaluating the simple quark loop and expanding in powers of x2 one
obtains in this way
φLD+ (ω) =
3
4ω30
ω(2ω0 − ω)θ(2ω0 − ω) ,
gLD+ (ω) =
3
16ω30
ω2(2ω0 − ω)2θ(2ω0 − ω) , (5.21)
with ω0 = (4/3)Λ¯. This “naive” model for g+(ω) can be used for a rough estimate of the
size of the higher-twist effects.
Selfconsistent models of this type can be constructed by including three-particle con-
tributions. It turns out that the constraints due to the EOM (4.4d) require using the same
threshold and power behavior ∼ (2ω0 − ω)p for all DAs except for φ3 which has to be one
power lower. Two examples are given below.
Model IIA: Choosing p = 1 we obtain
φ+(ω, µ0) =
3
4ω30
ω (2ω0 − ω) θ(2ω0 − ω) ,
φ−(ω, µ0) =
1
8ω30
[
3(2ω0 − ω)2 − 10(λ
2
E − λ2H)
3ω20
(
3ω2 − 6ωω0 + 2ω20
)]
θ(2ω0 − ω),
φ3(ω1, ω2, µ0) =
5(λ2E − λ2H)
8ω50
ω1ω
2
2 θ(2ω0 − ω¯) ,
φ4(ω1, ω2, µ0) =
5(λ2E + λ
2
H)
4ω50
ω22 (ω0 − ω¯/2)θ(2ω0 − ω¯) ,
ψ4(ω1, ω2, µ0) =
5λ2E
2ω50
ω1ω2 (ω0 − ω¯/2)θ(2ω0 − ω¯) ,
ψ˜4(ω1, ω2, µ0) =
5λ2H
2ω50
ω1ω2 (ω0 − ω¯/2)θ(2ω0 − ω¯) , (5.22)
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ω2ω0 u
ψ4 + ψ˜4
ω
2ω0
u
φ4
Figure 3. Scale dependence of the DA ψ4 + ψ˜4 (upper figure) and φ4 (lower figure) omitting the
overall prefactor (λ2E + λ
2
E)/ω
2
0 . The DAs at the scale µ = 2.5 GeV (yellow) are overlaid with the
input ones (rose) in (5.8) assuming µ0 = 1 GeV.
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and
g+(ω, µ0) =
5θ(2ω0 − ω)
384ω50
{
ω(2ω0 − ω)
[
8λ2E(ω
2 − 4ωω0 + 2ω20) + ω(2ω0 − ω)(2λ2H + 9ω20)
]
+ 4λ2E
[
16ω30(ω0 − ω) ln
(
1− ω
2ω0
)
+ ω3(4ω0 − ω) ln
(2ω0
ω
− 1
)]}
, (5.23)
where in the expressions for three-particle DAs ω¯ = ω1 + ω2. This set of DAs is consistent
with EOM (4.4d), (4.7) provided the parameters satisfy the Grozin-Neubert constraints
(4.8):
ω0 =
3
2
λB =
4
3
Λ¯ , 9ω20 = 40(2λ
2
E + λ
2
H) . (5.24)
The two-particle twist-4 DA g+(ω) in Eq. (5.23) can to a high accuracy be approximated
by a simpler expression
g+(ω, µ0) ≃ 9
128ω30
12R + 7
2R+ 1
ω2(ω0 − ω/2)2θ(2ω0 − ω) . (5.25)
where R is defined in (5.4).
Model IIB: Choosing p = 3 we obtain instead
φ+(ω, µ0) =
5
8ω50
ω (2ω0 − ω)3 θ(2ω0 − ω) ,
φ−(ω, µ0) =
5(2ω0 − ω)2
192ω50
[
6(2ω0 − ω)2 − 7(λ
2
E − λ2H)
ω20
(
15ω2 − 20ωω0 + 4ω20
)]
θ(2ω0 − ω) ,
φ3(ω1, ω2, µ0) =
105(λ2E − λ2H)
8ω70
ω1ω
2
2 (ω0 − ω¯/2)2θ(2ω0 − ω¯) ,
φ4(ω1, ω2, µ0) =
35(λ2E + λ
2
H)
4ω70
ω22 (ω0 − ω¯/2)3θ(2ω0 − ω¯) ,
ψ4(ω1, ω2, µ0) =
35λ2E
2ω70
ω1ω2 (ω0 − ω¯/2)3θ(2ω0 − ω¯) ,
ψ˜4(ω1, ω2, µ0) =
35λ2H
2ω70
ω1ω2 (ω0 − ω¯/2)3θ(2ω0 − ω¯) , (5.26)
and
g+(ω, µ0) =
θ(2ω0 − ω)
96ω70
{
5ω2
16
(2ω0 − ω)4 (18ω20 + 7λ2H)
− 7λ2E
[
25
48
ω6 − 21
4
ω5ω0 + 22ω
4ω20 −
143
3
ω3ω30 + 45ω
2ω40 − 8ωω50
]
+
7λ2E
2
[
16ω50(2ω0 − 3ω) ln
(
1− ω
2ω0
)
+ ω3(4ω0 − ω)(ω2 − 5ωω0 + 10ω20) ln
(2ω0
ω
− 1
)]}
. (5.27)
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Figure 4. Four models for the two-particle twist-4 DA g+(ω) described in the text: Model I
(5.13) (solid), Model IIA (5.23) (short dashes), Model IIB (5.27) (long dashes), and the “naive”
local duality model (5.21) (green dots). For this plot we have taken R = λ2E/λ
2
H = 1/2 (5.4).
where, as above, in the expressions for three-particle DAs ω¯ = ω1 + ω2. This set of DAs is
consistent with EOM (4.4d), (4.7) provided the parameters satisfy the constraints (4.8):
ω0 =
5
2
λB = 2Λ¯ , 3ω
2
0 = 14(2λ
2
E + λ
2
H) . (5.28)
The two-particle twist-4 DA g+(ω) in Eq. (5.27) can to a high accuracy be approximated
by a simpler expression
g+(ω, µ0) ≃ 5
64ω50
20R + 13
2R+ 1
ω2(ω0 − ω/2)4θ(2ω0 − ω) , (5.29)
where R is defined in (5.4).
The four models for the two-particle twist-4 DA g+(ω) described in the text are com-
pared to each other in Fig. 4. Note that the model parameter ω0 has in each case to be
adjusted to the same physical scale Λ¯. By construction the four considered models have
different high-energy behavior but their difference at small momenta proves to be rather
moderate. This is encouraging and allows one to hope that the model uncertainties in the
power-suppressed contributions to B-meson decay form factors can be kept under control.
6 Summary
Motivated by the challenge to control power-suppressed 1/mB contributions to B-decays
in final states with energetic light particles in the framework of QCD factorization, in
this work we present a systematic study of three-particle higher-twist DAs of the B-meson
which are main nonperturbative input in such analysis.
We find eight independent three-particle DAs and classify them according to collinear
twist and chirality which is related to their properties under conformal transformations.
The twist-three three-particle DA φ3 and the related two-particle DA φ−(ω) has been
studied in detail in Ref. [17]. In this work we concentrate on the three existing twist-
four DAs. Our principal result, Eq. (3.13), is the expansion of the DAs in terms of the
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eigenfunctions of the evolution equation and the calculation of the corresponding anomalous
dimension, Eq. (3.18). We also derive a new relation between the two chiral-even DAs,
Eq. (3.12), that is valid up to four-particle contributions of the type q¯GGhv or q¯qq¯hv, and a
similar relation for the chiral-odd DAs that allows one to eliminate contributions with extra
transverse derivatives (A.32). We introduce two-particle higher-twist DAs that appear in
the light-cone expansion of the heavy-light correlation functions following the approach of
Kawamura et al. [21], and discuss the corresponding EOM relations. We introduce several
simple models for the higher-twist DAs with different large-energy behavior that satisfy
all tree-level EOM constraints. We find that if the constraints due to EOM are enforced,
model dependence of the low-momentum part of the two-particle twist-four DA g+(ω) is
rather mild, see Fig. 4. This is encouraging and allows one to hope that the twist-four
uncertainties in the predictions for physical observables in B-decays can be kept under
control.
Several issues are not covered in this work and require further studies. The first of
them concerns the definition of two-particle twist-four (and higher) DAs that are auxiliary
objects that arise via the light-cone expansion. The definition due to Kawamura et al. that
is employed in our work is sufficient at the tree-level, but it has to be made more precise
depending on the assumed power counting and particular factorization technique (e.g.
SCET) beyond this accuracy. A related problem is that the EOM relation (4.4d) between
the DAs must be modified by O(αs) corrections as in the present form it is not consistent
with the RG equations. It would be very important to find an alternative derivation of
this relation that does not require considering off-light cone operators at the intermediate
step.
Another problem is of course that the theory of 1/mB corrections to B-decays is at
its infancy. It is well known that the contributions of higher-twist DAs are plagued by
end-point divergences so that the twist hierarchy is lost, in general. In recent years there
had been some progress in this direction based on using dispersion relations [11–16]. In this
technique (light-cone sum rules) the hierarchy of higher-twist contributions is restored as
an expansion in powers of the duality interval in the light hadron (photon) channel. Apart
from (many) open theory issues, it remains to be seen, however, whether such techniques
can provide one with phenomenologically relevant precision.
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Appendices
A Renormalization group equations
The structure of the renormalization group equations for higher-twist operators is much
simpler in the spinor representation. To this end we consider the nonlocal (light-ray)
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twist-three operator
O3(z1, z2) = χ+(z1n)f¯++(z2n)h+(0) , (A.1)
and two doublets of twist-four operators corresponding to the quark and gluon field of the
same and opposite chirality
O4(z1, z2) =
(
χ−(z1)f++(z2)hv(0)
χ+(z1)f+−(z2)hv(0)
)
, O4(z1, z2) =
(
1
2D¯−+χ+(z1)f¯++(z2)hv(0)
χ+(z1)f¯+−(z2)hv(0)
)
.
(A.2)
Matrix elements of these operators define the B-meson DAs of interest, see Sect. 2.3. Note
that we introduce an extra operator with a transverse derivative acting on the quark field.
The corresponding matrix element defines a new DA,
FB(µ) Ξ4(z1, z2, µ) = 〈0|1
2
[D¯µ¯λχ+](z1n)f¯++(z2n)h¯+(0)|B¯(v)〉
= −1
2
〈0|q¯(z1n)
←
D
⊥
α [gG
αβγ5 + igG˜
αβ ](z2n)nβ/nhv(0)|B¯(v)〉 . (A.3)
We will show that this DA can be expressed in terms of the other ones using equations
of motion (EOM) so that the operator containing the transverse derivative can be elimi-
nated. In this way, however, SL(2) symmetry of the evolution equation becomes obscured.
It proves to be advantageous [25, 26] to treat both operators as independent at the inter-
mediate step and impose the EOM relations on the solutions.
The light-ray operators satisfy renormalization group equations(
µ
∂
∂µ
+ β(αs)
∂
∂αs
+
αs
2π
H3
)
O3(z1, z2) = 0 ,(
µ
∂
∂µ
+ β(αs)
∂
∂αs
+
αs
2π
H4
)
O4(z1, z2) = 0 ,(
µ
∂
∂µ
+ β(αs)
∂
∂αs
+
αs
2π
H4
)
O4(z1, z2) = 0 . (A.4)
The evolution kernels H are integral operators acting on the light-cone coordinates of the
fields [34] and, to one-loop accuracy, can be written as sums of two-particle kernels which
describe the interaction between the partons,
H = Hqh +Hgh +Hqg . (A.5)
The twist-4 kernels, H4 and H4, are 2× 2 matrices,
Hqh =
(
H11qh 0
0 H22qh
)
, Hgh =
(
H11gh 0
0 H22gh
)
, Hqg =
(
H11qg H
12
qg
H21qg H
22
qg
)
. (A.6)
and similar for H. Explicit expressions for the two-particle kernels are collected in Ap-
pendix D.
It is well known that evolution equations for the light quark and gluon operators enjoy
SL(2,R) symmetry at one loop level. Each light field transforms according to a certain
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representation of the SL(2,R) group which is defined by one number, the conformal spin j.
The conformal spins of “plus” and “minus” quark fields χ+, χ− are j = 1 and j = 1/2. The
gluon fields f(f¯)++ and f(f¯)+− transform according to the representation with j = 3/2
and j = 1, respectively, and the (holomorphic) transverse derivative of the quark field,
D¯−+χ+, has spin j = 3/2. The SL(2,R) (conformal) symmetry implies that the evolution
kernels commute with the generators of symmetry transformations
S+j,z = z
2∂z + 2jz , S
0
j,z = z∂z + j , S
−
j,z = −∂z , (A.7)
so that the two-particle light kernels can be written in terms of the corresponding quadratic
Casimir operators [29]. This SL(2)-invariant representation (cf. App. D) is very convenient
for the further analysis.
For the heavy-light operators the SL(2, R) symmetry breaks down. However, the
evolution equations remain to be invariant with respect to the special conformal transfor-
mations [27]. Hence, e.g., the kernel H3 commutes with
Q
(3)
1 = iS
+
(1, 3
2
)
, (A.8)
where S+
(1, 3
2
)
is a two-particle generator
S+
(j1,j2)
= S+
(j1,z1)
+ S+
(j2,z2)
. (A.9)
The corresponding generators for the twist-4 kernels are 2× 2 matrices,
Q1 = i
(
S+
( 1
2
, 3
2
)
0
0 S+(1,1)
)
, Q1 = i
(
S+
( 3
2
, 3
2
)
0
0 S+(1,1)
)
, [Q1,H4] = [Q1,H4] = 0 .
(A.10)
Note that the conformal spins of up and down components in the twist-4 doublets (A.2)
are different.
This residual symmetry is sufficient to solve the evolution equation for the two-particle
leading-twist DA [9], but is not enough for three-particle DAs which are functions of two
variables. Fortunately it turns out that the leading large-Nc contributions to the higher-
twist equations
H3 = NcH3 +N−1c δH3 , (A.11a)
H4 = NcH4 +N−1c δH4 , (A.11b)
H4 = NcH4 +N−1c δH4 , (A.11c)
possess a hidden symmetry, so that we are able to construct another operator that com-
mutes with the evolution kernel. For the twist-three case, this operator was found in
Ref. [17]:
Q
(3)
2 =
9
4
iS+
( 3
2
,z2)
− iS+
( 3
2
,z2)
[
S+
( 3
2
,z2)
S−(1,z1) + S
0
( 3
2
,z2)
S0(1,z1)
]
− iS0
( 3
2
,z2)
[
S0(1,z1)S
+
( 3
2
,z2)
− S0
( 3
2
,z2)
S+(1,z1)
]
, (A.12)
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such that
[Q
(3)
1 ,Q
(3)
2 ] = [Q
(3)
1 ,H3] = [Q
(3)
2 ,H3] = 0 . (A.13)
The corresponding operators (“conserved charges”) for the twist-4 kernels take the form
(this is a new result):
Q2 =
i
2
{J12, J23} , Q2 =
i
2
{J¯12, J¯23} , (A.14)
where
J12 =
1
2
I+
(−∂2z12∂1z12 + z12∂1 1− ∂2z12
∂1z12 − ∂1∂2z212
)
, J23 =
(−S+
( 3
2
,z2)
0
0 −S+(1,z2)
)
, (A.15)
and
J¯12 =
(
1
z12
∂1∂2z
3
12 +
7
2
1
z12
(∂1∂2z
2
12 + 2)
−z12 ∂1∂2z212 + 12
)
, J¯23 =
(
S+
( 3
2
,z2)
0
0 S+(1,z2)
)
. (A.16)
The operators Qi,Qi, i = 1, 2 satisfy the commutation relations:
[Qi,Qj ] = [Qi,H4] = 0 , [Qi,Qj ] = [Qi,H4] = 0 . (A.17)
The above expressions for Q2 and Q2 can be derived and the commutation relations verified
most easily using the Quantum Inverse Scattering Method (QISM). This derivation will be
presented elsewhere.
With this construction, the problem in question becomes mathematically equivalent
to a quantum-mechanical system with two degrees of freedom, with H playing the role of
the Hamiltonian and Q1, Q2 the conserved charges. Thanks to commutativity all three
operators share the same set of the eigenfunctions. Thus, instead of trying to find the
eigenfunctions of H directly, one can construct eigenfunctions of the charges Q1, Q2 which
are much simpler.
The complete set of twist-three eigenfunctions was obtained in [17],
Y3(s, x | z) = is
2
z21z
3
2
∫ 1
0
duuu¯ eis(u/z1+u¯/z2) 2F1
(−12 − ix,−12 + ix
2
∣∣∣− u
u¯
)
,
Y
(0)
3 (s | z) = Y3(s, x = i/2 | z) =
is2
z21z
3
2
∫ 1
0
duuu¯ eis(u/z1+u¯/z2) . (A.18)
They are labeled by two quantum numbers s > 0 and x ∈ R related to the eigenvalues of
the conserved charges,
Q
(3)
1 Y3(s, x| z) = s Y3(s, x| z) , Q(3)2 Y3(s, x| z) = −s x2 Y3(s, x| z) . (A.19)
The charges Q
(3)
i are self-adjoint operators w.r.t the SL(2)-invariant scalar product so that
the eigenfunctions Y3(s, x | z) are mutually orthogonal, see App. B.
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For the twist-four case, in addition to the two conserved charges Q1 and Q2, one can
construct an extra, ”supplementary” charge Q3, such that [Q1,2,Q3] = 0. The ”supple-
mentary” charges have a rather simple form
Q3 = i
(
−S+g,3/2 z1/z2S+g,1
z2/z1S
+
q,1/2 −S+q,1
)
, Q3 = i
(
S+q,3/2 (S
0
q,1 + 1)(S
0
g,1 + 1)
z1z2 S
+
g,1
)
, (A.20)
and are quite helpful for constructing of the eigenfunctions.
To this end we start with the following ansatz
Φk(z) = z
−2j1
1 z
−2j2
2
∫ 1
0
dueis(u/z1+u¯/z2)ϕk(u) , (A.21)
where j1 and j2 are the conformal spins of the light fields in the corresponding operator.
Such functions are, by construction, eigenfunctions of the first charge Q1 (Q1):
Q1
(
Φ1(z)
Φ2(z)
)
= s
(
Φ1(z)
Φ2(z)
)
. (A.22)
Requiring that the supplementary charge Q3 (Q3) is diagonalized yields a simple relation
between the “upper” and “lower” components, ϕ1(u) and ϕ2(u), after which the eigenvalue
problem for Q2 (Q2) reduces to a second order differential equation for, e.g., ϕ1(u). Se-
lecting the solutions with the required analytic properties one obtains the following set of
eigenfunctions:
• Chiral operators (eigenfunctions of Qi-charges):(
Y
(−)
4;1
Y
(−)
4;2
)
(s, x | z) = s
3/2
z21z
3
2
∫ 1
0
du eis(u/z1+u¯/z2) 2F1
( 1
2 − ix, 12 + ix
2
∣∣∣− u
u¯
)(uz1
uz2
)
,
(
Y
(+)
4;1
Y
(+)
4;2
)
(s, x | z) = s
3/2
z21z
3
2
∫ 1
0
du eis(u/z1+u¯/z2) 2F1
(−ix,+ix
1
∣∣∣− u
u¯
)(
u¯z1
−uz2
)
. (A.23)
• Operators of different chirality (eigenfunctions of Qi charges):(
Z
(−)
4;1
Z
(−)
4;2
)
(s, x | z) = s
3/2
z31z
3
2
∫ 1
0
duu2 eis(u/z1+u¯/z2) 2F1
(−ix, ix
3
∣∣∣− u
u¯
)( is u¯
z1z2
)
,
(
Z
(+)
4;1
Z
(+)
4;2
)
(s, x | z) = s
3/2
z31z
3
2
∫ 1
0
duuu¯ eis(u/z1+u¯/z2) 2F1
(−12 − ix,−12 + ix
2
∣∣∣− u
u¯
)(−is u
z1z2
)
(
Z
(0)
4;1
Z
(0)
4;2
)
(s, x | z) =
(
Z
(+)
4;1
Z
(+)
4;2
)
(s, x = i/2 | z) = s
3/2
z31z
3
2
∫ 1
0
duuu¯ eis(u/z1+u¯/z2)
(−is u
z1z2
)
.
(A.24)
Both sets form a complete system with the respect of the SL(2)-invariant scalar product,
see App. B.
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Note that Z
(+)
4 -functions are related to the twist-three eigenfunctions Y3 as follows:
Z+4;1(s, x|z) = −
i√
s
(
z1∂z1 + 2
)
Y3(s, x|z) , Z+4;2(s, x|z) = −
iz2√
s
Y3(s, x|z) , (A.25)
and the same relation is valid between Z
(0)
4 and Y
(0)
3 .
The last step is to calculate the eigenvalues of the Hamiltonians (anomalous dimen-
sions):
NcH4
(
Y
(±)
4;1
Y
(±)
4;2
)
= γ±4
(
Y
(±)
4;1
Y
(±)
4;2
)
, NcH4
(
Z
(±)
4;1
Z
(±)
4;2
)
= γ±4
(
Z
(±)
4;1
Z
(±)
4;2
)
. (A.26)
This can most easily be done by comparing the large-z1, z2 asymptotic behavior on the
both sides. In this way one obtains
γ
(+)
4 = γ
(−)
4 = Nc[ln(µs) + γE − 5/4] + γ4(x) ,
γ
(−)
4 = γ
(+)
4 = Nc[ln(µs) + γE − 5/4] + γ3(x) , (A.27)
where γ3(x) and γ4(x) are defined in Eqs. (3.11) and (3.18), respectively.
Expansion of the B-meson DAs over the eigenfunctions of the evolution equations reads
Φ3(z, µ) =
∫ ∞
0
ds
[
η
(0)
3 (s, µ)Y
(0)
3 (s |z) +
1
2
∫ ∞
−∞
dx η3(s, x, µ)Y3(s, x | z)
]
, (A.28)
and( −2Φ4(z, µ)
[Ψ4 + Ψ˜4](z, µ)
)
= −
∞∫
0
ds
∞∫
−∞
dx
{
η
(−)
4 (s, x, µ)Y
(−)
4 (s, x |z) + η(+)4 (s, x, µ)Y (+)4 (s, x |z)
}
,
( −2Ξ4(z, µ)
[Ψ4 − Ψ˜4](z, µ)
)
= −
∞∫
0
ds
∞∫
−∞
dx
{
κ
(−)
4 (s, x, µ)Z
(−)
4 (s, x |z) + κ(+)4 (s, x, µ)Z(−)4 (s, x |z)
}
+ 2
∞∫
0
dsκ
(0)
4 (s, µ)Z
(0)
4 (s |z) , (A.29)
where
Y
(±)
4 =
(
Y
(±)
4;1
Y
(±)
4;2
)
, Z
(±)
4 =
(
Z
(±)
4;1
Z
(±)
4;2
)
. (A.30)
The coefficient functions η3, η
(±)
4 and κ
(0,±)
4 have autonomous scale dependence (up to
– 29 –
1/N2c corrections):
η3(s, x, µ) = L
γ3(x)/β0R(s;µ, µ0) η3(s, x, µ0) ,
η
(0)
3 (s, µ) = L
Nc/β0R(s;µ, µ0)η
(0)
3 (s, µ0) ,
η
(+)
4 (s, x, µ) = L
γ4(x)/β0R(s;µ, µ0) η
(+)
4 (s, x, µ0) ,
η
(−)
4 (s, x, µ) = L
γ3(x)/β0R(s;µ, µ0) η
(−)
4 (s, x, µ0) ,
κ
(+)
4 (s, x, µ) = L
γ3(x)/β0R(s;µ, µ0)κ
(+)
4 (s, x, µ0) ,
κ
(−)
4 (s, x, µ) = L
γ4(x)/β0R(s;µ, µ0)κ
(−)
4 (s, x, µ0) ,
κ
(0)
4 (s, µ) = L
Nc/β0R(s;µ, µ0)κ
(0)
4 (s, µ0) , (A.31)
where L = αs(µ)/αs(µ0) and R(s;µ, µ0) is defined in Eq. (3.5).
The expressions in (A.29) are valid for the most general case. We will show in App. C
that neglecting contributions of four-particle (quasipartonic) [29] operators of the type
q¯GGhv and q¯qq¯hv, the following relations hold:
2
(
z1∂z1 + 1
)
Φ4(z) =
(
z2∂z2 + 2
) [
Ψ4(z) + Ψ˜4(z)
]
,
2z1 Ξ4(z) =
(
z2∂z2 + 2
) [
Ψ4(z)− Ψ˜4(z)
]
− 2Φ3(z) . (A.32)
Using the representation in Eq. (A.29) and taking into account Eq. (A.25) it is easy to
show that the relations between the DAs in (A.32) imply the following relations between
the coefficient functions (to the same accuracy):
η
(−)
4 (s, x, µ) = 0 ,√
sκ4(s, x, µ) = η3(s, x, µ) ,
√
sκ
(0)
4 (s, µ) = η
(0)
3 (s, µ) . (A.33)
The resulting simplified expressions for the DAs are given in Eq. (3.13) in the main text. We
remind that quasipartonic four-particle operators do not mix with three-particle operators
to the one-loop accuracy [29]. For this reason neglecting such contributions is consistent
with the scale dependence.
B Conformal scalar product
Finding a suitable scalar product on the space of the B-meson DAs is an auxiliary, although
very useful, tool for solving the evolution equations. The requirements for a scalar product
are the following: i) the DAs under consideration have to belong to the corresponding
Hilbert space ii) the evolution kernels have to be self-adjoint operators. It is not determined
uniquely by the physics of the problem so that there is a certain freedom.
The starting observation is that, first, support properties of the B-meson DAs in mo-
mentum space, ω > 0, imply that they are analytic functions of the light parton coordinates
z in the lower half plane, Im z < 0 and, second, the evolution kernels at one loop order are
functions of the SL(2,R) generators. These properties invite for using a formalism where z
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is treated as a complex number and conformal symmetry of the equations is implemented
explicitly. Such a formalism is well known in mathematical literature.
One defines the SL(2, R) invariant scalar product for functions holomorphic in the
lower complex half-plane [35]
〈Φ1
∣∣Φ2〉j = ∫
C−
Djz Φ∗1(z)Φ2(z) , (B.1)
where the integration goes over the lower half-plane C− of the complex plane, Im z < 0,
and the integration measure for spin j is defined as
Djz = 2j − 1
π
d2z [i(z − z¯)]2j−2.
The scalar product (B.1) is invariant w.r.t. to the SL(2,R) transformations [35]
Φ(z) 7→ 1
(cz + d)2j
Φ
(
az + b
cz + d
)
, ad− bc = 1 . (B.2)
The generator of special conformal transformation iS
(j)
+ is self-adjoint w.r.t. this scalar
product and its eigenfunctions
iS
(j)
+ Q
(j)
s (z) = sQ
(j)
s (z) , Q
(j)
s (z) =
e−ipij
z2j
eis/z , (B.3)
are orthogonal and form a complete set of functions in the Hilbert space 7 defined by
Eq. (B.1):
〈Q(j)s |Q(j)s′ 〉j =
Γ(2j)
s2j−1
δ(s − s′) , (B.4)
1
Γ(2j)
∫ ∞
0
ds s2j−1Q(j)s (z)Q
(j)
s (z′) =
e−ipij
(z − z¯′)2j . (B.5)
The expression on the r.h.s. of Eq. (B.5) is the reproducing kernel (unit operator) [36], i.e.
for arbitrary function (holomorphic in the lower half-plane)
Ψ(z) =
2j − 1
π
∫
C−
Djz′ e
−ipij
(z − z¯′)2j Ψ(z
′) . (B.6)
Exponential functions e−iωz, ω > 0 form another complete orthogonal set w.r.t. the same
scalar product,
〈e−iωz |e−iω′z〉j = Γ(2j)ω1−2j δ(ω − ω′). (B.7)
The momentum space DAs defined by the Fourier transform
Φj(z, µ) =
∫ ∞
0
dω e−iωz φj(ω, µ) (B.8)
7This is the so-called Hilbert space of holomorphic functions, see Ref. [36] for a review.
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can be found making use of (B.7) and the following relation:
〈e−iωz |Q(j)s 〉j = Γ(2j) (ωs)1/2−j J2j−1(2
√
ωs) . (B.9)
In this way one obtains
Φj(z, µ) =
1
Γ(2j)
∫ ∞
0
ds s2j−1Q(j)s (z) ηj(s, µ) ,
φj(ω, µ) =
∫ ∞
0
ds ηj(s, µ) (sω)
j−1/2 J2j−1(2
√
ωs) . (B.10)
In particular for j = 1/2 corresponding to the B-meson DA φ−(ω, µ) the conformal expan-
sion goes over Bessel functions J0(2
√
ωs) as compared to J1(2
√
ωs) for the leading twist,
in which case j = 1.
The coefficient functions of DAs in the s-representation can be written as the scalar
products as well, e.g. for the leading twist
η+(s, µ) = 〈Q(1)s |Φ+〉 . (B.11)
The SL(2) invariant scalar product for the functions of two variables reads,
〈Ψ∣∣Φ〉(j1,j2) = ∫
C−
Dj1z1
∫
C−
Dj2z2Ψ∗(z)Φ(z) = Γ(2j1)Γ(2j2)
∫ ∞
0
dω1
ω2j1−11
dω2
ω2j2−12
ψ∗(ω)φ(ω)
(B.12)
in position and momentum space representations, respectively.
The scalar product for the twist-4 doublets, ~Φ(z) = (Φ1(z),Φ2(z)), can be written in
the form
〈−→Φ |−→Ψ 〉 = 〈Φ1|Ψ1〉+ c〈Φ2|Ψ2〉 , (B.13)
where the two terms on the r.h.s. are defined by the scalar product (B.12) with the confor-
mal spins matching those of the corresponding — up or down — component of the doublet.
The coefficient c is fixed by the requirement that the Hamiltonian and conserved charges
are self-adjoint operators. It is easiest to impose this condition on the “supplementary”
charges, Q3(Q3). For example, for the same-chirality doublet one has to require
〈Φ1|Q123 Ψ2〉( 1
2
3
2
) = c 〈Q213 Φ1|Ψ2〉(11) , (B.14)
where from it follows that c = 2. In this way we obtain (for all possible combinations of
superscripts ±, 0 in the bra- and ket-states)
〈Y4(s, x)
∣∣Y ′4(s′, x′)〉 =〈Y4;1(s, x)∣∣Y ′4;1(s′, x′)〉( 1
2
, 3
2
) + 2 〈Y4;2(s, x)
∣∣Y ′4;2(s′, x′)〉(1,1) ,
〈Z4(s, x)
∣∣Z ′4(s′, x′)〉 =〈Z4;1(s, x)∣∣Z ′4;1(s′, x′)〉( 3
2
, 3
2
) + 4 〈Z4;2(s, x)
∣∣Z ′4;2(s′, x′)〉(1,1) . (B.15)
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The normalization conditions of the twist-three and four eigenstates read:
〈Y (0)3 (s), Y (0)3 (s′)〉(1, 3
2
) = δ(s − s′) ,
〈Y3(s, x), Y3(s′, x′)〉(1, 3
2
) = δ(s − s′)δ(x − x′)
coth πx
x(x2 + 9/4)
,
〈Y (−)4 (s, x)
∣∣Y (−)4 (s′, x′)〉 = δ(s − s′)δ(x − x′) coth πxx(x2 + 1/4) ,
〈Y (+)4 (s, x)
∣∣Y (+)4 (s′, x′)〉 = δ(s − s′)δ(x − x′)tanhπxx ,
〈Z(−)4 (s, x)
∣∣Z(−)4 (s′, x′)〉 = δ(s − s′)δ(x − x′) 8 tanh πxx(x2 + 1)(x2 + 4) ,
〈Z(+)4 (s, x)
∣∣Z(+)4 (s′, x′)〉 = δ(s − s′)δ(x − x′) 2 coth πxx(x2 + 9/4) ,
〈Z(0)4 (s)
∣∣Z(0)4 (s′)〉 = 2δ(s − s′) . (B.16)
Here it is assumed that x > 0 and x′ > 0. This is sufficient because all eigenfunctions are
symmetric under reflection x → −x. Scalar products for the pairs of the eigenfunctions
with different superscripts vanish.
The coefficient functions appearing in the expansion of the DAs in the eigenstates of
the evolution equation in (A.28), (A.29) can be calculated as, for twist three,
η3(s, x, µ) =
x(x2 + 9/4)
coth πx
〈Y3(s, x)
∣∣Φ3〉 , η(0)3 (s, µ) = 〈Y (0)3 (s)∣∣Φ3〉 , (B.17)
and for twist four,
η
(−)
4 (s, x, µ) =
x(x2 + 1/4)
coth πx
[
〈Y (−)4;1 (s, x)
∣∣Φ4〉( 1
2
, 3
2
) − 〈Y (−)4;2 (s, x)
∣∣(Ψ4 + Ψ˜4)〉(1,1)] ,
η
(+)
4 (s, x, µ) =
x
tanhπx
[
〈Y (+)4;1 (s, x)
∣∣Φ4〉( 1
2
, 3
2
) − 〈Y (+)4;2 (s, x)
∣∣(Ψ4 + Ψ˜4)〉(1,1)] ,
κ
(−)
4 (s, x, µ) =
x(x2+1)(x2+4)
8 tanhπx
[
〈Z(−)4;1 (s, x)
∣∣Ξ4〉( 3
2
, 3
2
) − 2〈Z(−)4;2 (s, x)
∣∣(Ψ4 − Ψ˜4)〉(1,1)] ,
κ
(+)
4 (s, x, µ) =
x(x2 + 9/4))
2 coth πx
[
〈Z(+)4;1 (s, x)
∣∣Ξ4〉( 3
2
, 3
2
) − 2〈Z(+)4;2 (s, x)
∣∣(Ψ4 − Ψ˜4)〉(1,1)] . (B.18)
Note that η
(0)
3 (s, µ) is related to the residue of η3(s, x, µ) at imaginary x = i/2:
η3(s, x, µ)
∣∣∣
x→i/2
=
x(x2 + 9/4)
cothπx
η
(0)
3 (s, µ)
∣∣∣
x→i/2
=
1
x− i/2
i
π
η
(0)
3 (s, µ) + . . . (B.19)
C Wandzura-Wilczek contributions in higher-twist operators
In this Appendix we prove the following identities (A.32):
2
(
z1∂z1 + 1
)
Φ4(z) =
(
z2∂z2 + 2
) [
Ψ4(z) + Ψ˜4(z)
]
+ . . . ,
2z1 Ξ4(z) =
(
z2∂z2 + 2
) [
Ψ4(z)− Ψ˜4(z)
]
− 2Φ3(z) + . . . . (C.1)
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where the ellipses stand for contributions of quasipartonic twist-four four-particle DAs of
the type q¯GGhv or q¯qq¯hv. We use a technique that has been developed, for light quarks,
in Refs. [25, 37] and is based on the two-component spinor formalism. To this end it is
convenient to relax the normalization condition Eq. (2.23) the auxiliary λ and µ spinors,
so that they can be treated as independent.
As a simpler example, let us first re-derive in this approach the familiar relation be-
tween the twist-three DAs, Eq. (4.4a). To start with, note that the matrix element involving
plus components of the heavy quark and the antichiral light quark vanishes identically:
〈0|χ+(zn)[zn, 0]h+(0)|B¯〉 = 0. (C.2)
Physics reason is that the quark helicities do not combine to zero. Formally, this matrix
element vanishes because is not possible to construct a tensor with two “undotted” spinor
indices Tαβ = 〈0|χα(zn)[zn, 0]hβ(0)|B¯〉 such that T++ = λαλβTαβ 6= 0 from the two
vectors vαα˙ and nαα˙ = λαλ¯α˙ at our disposal. Alternatively, this can be seen directly from
the definition in Eq. (2.1).
The trick is to consider the derivative
µα
∂
∂λα
〈0|χ+(zn)[zn, 0]h+(0)|B¯〉 (C.3)
which, of course, must vanish as well. Since χ+ = λ
αχα, h+ = λ
αhα and nαα˙ = λαλ¯α˙,
applying the derivative µ∂λ we obtain three separate contributions that have to sum to
zero:
0 = χ−(zn)[zn, 0]h+(0) + χ+(zn)[zn, 0]h−(0) +
1
2
(µσρλ¯)
∂
∂nρ
χ+(zn)[zn, 0]h+(0) , (C.4)
where taking the matrix element 〈0| . . . |B¯〉 is implied.
We stress that n is a light-like vector. Nevertheless, taking the derivative ∂/∂nρ one
can ignore the constraint n2 = 0 and treat all four components of nµ as independent ones.
Indeed, let F (n) be an arbitrary function of nµ defined on the surface n
2 = 0 and extend
it formally to n2 6= 0, F (n) 7→ F (n)|n2=0 + n2F1(n).8 Then[
(µσρλ¯)
∂
∂nρ
n2F1(n)
]
n2=0
= 2(µnλ¯)F1(n) = 0 , (C.5)
so that the contribution of the added term vanishes: the answer does not depend on F1(n)
which means that the chosen extension beyond the light-cone surface does not matter.
Note that we have to differentiate both the (anti)quark field and the Wilson line:
(µσρλ¯)
∂
∂nρ
χ+(zn)[zn, 0]h+(0) = z
[
∂µλ¯χ+
]
(zn)[zn, 0]h+(0) + σ
ρ
µλ¯
χ+(zn)
∂
∂nρ
[zn, 0]h+(0) ,
(C.6)
8The difference of the present approach to the one used in [21] is that here we start with a matrix element
of the renormalized light-ray operator which is finite by definition, whereas the light-cone expansion x2 → 0
in [21] produces singularities that have to be isolated in coefficient functions.
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where we use a shorthand notation ∂µλ¯ = (µ∂λ¯) = µ
α∂αα˙λ¯
α˙. The derivative of the Wilson
line gives
∂
∂nρ
[zn, 0] = izAρ(zn)[zn, 0] − i
∫ z
0
udu [zn, un]nσgGσρ(un)[un, 0] (C.7)
and the term in Aρ(zn) combines with the derivative of the quark field in the first term
in Eq. (C.6) to produce a covariant derivative, ∂µλ¯ 7→ Dµλ¯. This contribution can then
be rewritten as a derivative over the light-cone coordinate using Fierz identity for Weil
spinors (u1u2)(v1v2) = (u1v1)(u2v2)− (u1v2)(u2v1) and EOM for the (massless) quark field
D¯χ = 0 (Dirac equation):[
Dµλ¯χ+
]
(zn) = [Dλλ¯]χ−(zn) + (λµ)(λ¯D¯χ)(zn) = 2∂zχ−(zn) . (C.8)
Rewriting the remaining term with the gluon strength tensor in spinor notation
iσρ
µλ¯
∫ z
0
udu gGσρ(un)n
σ = ig(λµ)
∫ z
0
udu f¯++(un) , (C.9)
using that h+ = −h¯−, h− = h¯+ (2.26), and collecting all contributions, we obtain the
identity
(z∂z + 1)〈0|χ−(zn)h¯−(0)|B¯(v)〉 = 〈0|χ+(zn)h¯+(0)|B¯(v)〉
− igz2
∫ 1
0
udu〈0|χ+(zn)f¯++(uzn)h+(0)|B¯(v)〉 , (C.10)
where the gauge links are not shown for brevity, which is equivalent to the relation in
Eq. (4.4a).
The same technique can be applied to three-particle operators. We start from the
remark that the following matrix element vanishes:
〈0|χ+(z1n)f¯++(z2n)h¯+(0)|B¯(v)〉 = 0 (C.11)
and take a derivative with respect to λ¯:
µ¯α˙
∂
∂λ¯α˙
χ+(z1n)f¯++(z2n)h¯+(0) =
= χ+(z1n)f¯++(z2n)h¯−(0) +
1
2
z1[D¯µ¯λχ+](z1n)f¯++(z2n)h¯+(0)
+2χ+(z1n)f¯+−(z2n)h¯+(0) + z2
1
2
χ+(z1n)[D¯µ¯λf¯++](z2n)h¯+(0) + . . .
= −χ+(z1n)f¯++(z2n)h+(0) + 1
2
z1[D¯µ¯λχ+](z1n)f¯++(z2n)h¯+(0)
+(z2∂z2 + 2)χ+(z1n)f¯+−(z2n)h¯+(0) + . . . , (C.12)
where the ellipses stand for four-particle contributions (e.g. from derivatives of the Wilson
lines) and EOM. We also used that
[D¯µ¯λf¯++](z2n) = Dλλ¯f¯+−(z2n) + (µ¯λ¯)(λDf¯)(z2n) = 2∂z2 f¯+−(z2n) + (µ¯λ¯)(λDf¯)(z2n) .
(C.13)
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The last term can be rewritten as a bilinear quark-antiquark operator using EOM for the
gluon field D α˙β f¯
a
α˙β˙
= g(ψ¯β˙t
aψβ + χβt
aχ¯β˙) and gives rise to another four-particle contribu-
tion which we neglected.
Taking the matrix element 〈0| . . . |B¯〉 and comparing with the definitions of the DAs
in Eqs. (2.28), (2.29), (A.3) we obtain
2z1Ξ4(z1, z2, µ) = −2Φ3(z1, z2, µ) + (z2∂z2 + 2)[Ψ4 − Ψ˜4](z1, z2, µ) + . . . (C.14)
which is exactly the advertised second equation in (C.1). This relation is exact up to
contributions of four-particle quasipartonic twist-four operators. It can be rewritten in a
four-vector notation using
z1〈0|q¯(z1)
←
Dα gG
αβ(z2)nβ/nγ5hv(0)|B¯(v)〉 = FB
[
2 + z1∂1 + z2∂2
]
Ψ4(z)− FB
[
Φ3+Φ4
]
(z) ,
z1〈0|q¯(z1)
←
Dα igG˜
αβ(z2)nβ/nhv(0)|B¯(v)〉 = FB
[
2 + z1∂1 + z2∂2
]
Ψ˜4(z) + FB
[
Φ3−Φ4
]
(z) .
(C.15)
The first relation in Eq. (C.1) can be derived in the same way starting from the matrix
element
〈0|χ+(z1n)f++(z2n)h−(0)|B¯〉 = 0 . (C.16)
Taking the derivative over the auxiliary spinor µ∂λ and neglecting four-particle contribu-
tions one obtains the identity
(z1∂z1 + 1)〈0|χ−(z1n)f++(z2n)h−(0)|B¯〉+ (z2∂z2 + 2)〈0|χ+(z1n)f+−(z2n)h−(0)|B¯〉 = 0 ,
(C.17)
which is equivalent to the first relation in (C.1).
D Two-particle evolution kernels
D.1 Coordinate space representation
[H11qhf ](z1) = −
1
Nc
{∫ 1
0
dα
α
[
f(z1)− f(α¯z1)
]
+
[
ln(iµz1)− 5
4
]
f(z1)
}
,
[H22qhf ](z1) = −
1
Nc
{∫ 1
0
dα
α
[
f(z1)− α¯f(α¯z1)
]
+
[
ln(iµz1)− 5
4
]
f(z1)
}
,
[H11ghf ](z2) = Nc
{∫ 1
0
dα
α
[
f(z2)− α¯2f(α¯z2)
]
+
[
ln(iµz2)− 1
2
]
f(z2)
}
,
[H22ghf ](z2) = Nc
{∫ 1
0
dα
α
[
f(z2)− α¯f(α¯z2)
]
+
[
ln(iµz2)− 1
2
]
f(z2)
}
, (D.1)
– 36 –
[H11qgϕ](z1, z2) = Nc
{∫ 1
0
dα
α
[
2ϕ(z1, z2)− ϕ(zα12, z2)− α¯2ϕ(z1, zα21)
]
− 3
4
ϕ(z1, z2)
}
− 1
Nc
∫ 1
0
dααϕ(z2, z
α
12) ,
[H12qgϕ](z1, z2) = Nc
∫ 1
0
dαϕ(zα12, z2) +
1
Nc
∫ 1
0
dαϕ(z2, z
α
12) ,
[H21qgϕ](z1, z2) = Nc
∫ 1
0
dα α¯ϕ(z1, z
α
21) +
1
Nc
∫ 1
0
dα α¯ ϕ(z2, z
α
12) ,
[H22qgϕ](z1, z2) = Nc
{∫ 1
0
dα
α
[
2ϕ(z1, z2)− α¯ϕ(zα12, z2)− α¯ϕ(z1, zα21)
]
− 3
4
ϕ(z1, z2)
}
, (D.2)
and
[H
11
qhf ](z1) = −
1
Nc
{∫ 1
0
dα
α
[
f(z1)− α¯2f(α¯z1)
]
+
[
ln(iµz1)− 5
4
]
f(z1)
}
,
[H
22
qhf ](z1) = −
1
Nc
{∫ 1
0
dα
α
[
f(z1)− α¯f(α¯z1)
]
+
[
ln(iµz1)− 5
4
]
f(z1)
}
,
[H
11
ghf ](z2) = Nc
{∫ 1
0
dα
α
[
f(z2)− α¯2f(α¯z2)
]
+
[
ln(iµz2)− 1
2
]
f(z2)
}
,
[H
22
ghf ](z2) = Nc
{∫ 1
0
dα
α
[
f(z2)− α¯f(α¯z2)
]
+
[
ln(iµz2)− 1
2
]
f(z2)
}
,
[H
11
qgϕ](z1, z2) = Nc
{∫ 1
0
dα
α
[
2ϕ(z1, z2)− α¯2 ϕ(zα12, z2)− α¯2 ϕ(z1, zα21)
]
− 2
∫ 1
0
dα
∫ α¯
0
dβ
(
2α¯β¯ + αβ
)
ϕ(zα12, z
β
21)−
3
4
ϕ(z1, z2)
}
− 6
Nc
∫ 1
0
dα
∫ 1
α¯
dβ α¯β¯ ϕ(zα12, z
β
21) ,
[H
12
qgϕ](z1, z2) =
Nc
z12
ϕpi(z1, z2)− 2
Ncz12
∫ 1
0
dα
∫ 1
α¯
dβΠϕ(zα12, z
β
21) ,
[H
21
qgϕ](z1, z2) = Ncz12
{∫ 1
0
dα
∫ α¯
0
dβ (α¯β¯ + αβ)ϕ(zα12, z
β
21)
}
+ 2
z12
Nc
∫ 1
0
dα
∫ 1
α¯
dβ α¯β¯ ϕ(zα12, z
β
21) ,
[H
22
qgϕ](z1, z2) = Nc
{∫ 1
0
dα
α
[
2ϕ(z1, z2)− α¯ ϕ(zα12, z2)− α¯ ϕ(z1, zα21)
]− 3
4
ϕ(z1, z2)
−
∫ 1
0
dα
∫ α¯
0
dβ ϕ(zα12, z
β
21) + 2
∫ 1
0
dααα¯ ϕ(zα12, z
α
12)
}
− 2
Nc
∫ 1
0
dααα¯ ϕ(zα12, z
α
12) , (D.3)
where
Πϕ(z1, z2) = ϕ(z1, z2)− 6
∫ 1
0
dααα¯ ϕ(zα12, z
α
12) (D.4)
is the projector on the states with nonzero conformal spin.
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D.2 SL(2)-invariant representation
It is also possible to present above integral forms of the evolution kernels in terms of SL(2)
transformation generators.
[H11qhf ](z1) = −
1
Nc
[
ln
(
iµS+q,1/2
)
− ψ(1) − 5/4] ,
[H22qhf ](z1) = −
1
Nc
[
ln
(
iµS+q,1
)
− ψ(1) − 5/4] ,
[H11ghf ](z2) = Nc
[
ln
(
iµS+g,3/2
)
− ψ(1) − 1/2] ,
[H22ghf ](z2) = Nc[ln
(
iµS+g,1
)
− ψ(1) − 1/2] ,
[H11qgϕ](z1, z2) = Nc
[
ψ
(
Jqg
( 1
2
, 3
2
)
+ 1
)
+ ψ
(
Jqg
( 1
2
, 3
2
)
− 1
)
− 2ψ(1) − 3/4
]
+
1
Nc
(−1)J
qg
( 12 ,
3
2 )
+1Γ
(
Jqg
( 1
2
, 3
2
)
− 1
)
Γ
(
Jqg
( 1
2
, 3
2
)
+ 1
) ,
[H12qgϕ](z1, z2) = Nc
Γ
(
Jqg(1,1) − 1
)
Γ
(
Jqg(1,1)
) + 1
Nc
(−1)J
qg
(1,1)
Γ
(
Jqg(1,1) − 1
)
Γ
(
Jqg(1,1)
) ,
[H21qgϕ](z1, z2) = Nc
Γ
(
Jqg
( 1
2
, 3
2
)
)
Γ
(
Jqg
( 1
2
, 3
2
)
+ 1
) + 1
Nc
(−1)J
qg
( 12 ,
3
2 )
Γ
(
Jqg
( 1
2
, 3
2
)
)
Γ
(
Jqg
( 1
2
, 3
2
)
+ 1
) ,
[H22qgϕ](z1, z2) = Nc
[
2ψ
(
Jqg(1,1)
)
− 2ψ(1) − 3/4
]
, (D.5)
and
[H
11
qhf ](z1) = −
1
Nc
[
ln
(
iµS+q,3/2
)
− ψ(1) − 5/4] ,
[H
22
qhf ](z1) = −
1
Nc
[
ln
(
iµS+q,1
)
− ψ(1) − 5/4] ,
[H
11
ghf ](z2) = Nc
[
ln
(
iµS+g,3/2
)
− ψ(1) − 1/2] ,
[H
22
ghf ](z2) = Nc[ln
(
iµS+g,1
)
− ψ(1) − 1/2] ,
[H
11
qgϕ](z1, z2) = Nc
[
ψ
(
Jqg
( 3
2
, 3
2
)
+ 2
)
+ ψ
(
Jqg
( 3
2
, 3
2
)
− 2
)
− 2ψ(1) − 3
4
]
+
6
Nc
(−1)J
qg
( 32 ,
3
2 )
Γ
(
Jqg
( 3
2
, 3
2
)
− 2
)
Γ
(
Jqg
( 3
2
, 3
2
)
+ 2
) ,
[H
12
qgϕ](z1, z2) =
1
z12
Nc − 2(−1)Jqg(1,1)
Nc
Γ
(
Jqg(1,1) − 1
)
Γ
(
Jqg(1,1) + 1
)
Θ(Jqg(1,1) > 2) ,
(D.6)
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[H
21
qgϕ](z1, z2) =
Ncz12
9
Γ
(
1
3J
gg
( 3
2
, 3
2
)
− 2/3
)
Γ
(
1
3J
gg
( 3
2
, 3
2
)
+ 4/3
) − 2z12(−1)J
qg
( 32 ,
3
2 )
Nc
Γ
(
Jqg
( 3
2
, 3
2
)
− 2
)
Γ
(
Jqg
( 3
2
, 3
2
)
+ 2
) ,
[H
22
qgϕ](z1, z2) = Nc
[
ψ
(
Jqg(1,1) + 1
)
+ ψ
(
Jqg(1,1) − 1
)
− 2ψ(1) − 3
4
]
−
δJqg
(1,1)
,2
3Nc
, (D.7)
where operator Jqg is defined in terms of their corresponding quadratic Casimir operators
Jqg(j1,j2)(J
qg
(j1,j2)
− 1) = (~S(q,j1) + ~S(g,j2))2 and we have labeled the conformal spins of each
Jqg accordingly. Γ(z) stands for the Euler-Gamma function while ψ(z) is the 0-th order
polygamma function.
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